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Abstract 

In  this  report  the  author  deals  with  an  extension  of  his 
previous  work  on  the  distribution  of  horizontal  divergence  of  an 
incompressible  flow  around  a semi-circular  Infinite  cylinder  with 

j 

no  upper  boundary  (Oi,  1952)  to  a more  realistic  case  of  flow  over 
a senl-elliptic  infinite  -cylinder  with  no  upper  boundary  and  to  two 
cases  of  flow  with  upper  boundaries^.  In  terms  of  these  results,  the 


up.stream  trough  is  interpreted  by  the  so-called  vorticity  equation. 
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I.  Introduction 

The  deviations  of  zonal  cuf^'ents  due  to  orographic  effects 
have  been  treated  by  many  authors,  but  it  seems  that  almost  all 
of  them  pay  attention  only  to  phenomena  downstream  from  the  obstacle 
and  overlook  upstream  phenomena.  Of  course  this  procedure  is  prac- 
tical \dien  one  is  dealing  with  such  a small-scale  phenomenon  as 
the  Bishop-cloud,  for  there  it  seems  possible  to  explain  the  phen- 
omenon almost  con^letely.  However,  it  may  be  necessary  to  pay 
attention  to  upstream  phenomena  when  one  deals  with  large-^cale 
bending  of  a westerly  current  on  the  scale  of  a cyclone  pertur- 
bation. 

Hitherto,  it  has  been  assmed  that  the  inertial  effect  of  a 
bariier  does  not  reach  upstream  or  downstream  from  the  barrier 
(for  example,  V.  B.lerknes  et  al.  1953,  J.  Holmboe  et  al.  1945, 

J.  Chamey  and  A.  F.lliassen,  1949,  B,  Bolin,  1950).  However,  this 
is  too  great  a simplification  of  the  phenommion.  As  the  author 
pointed  ov’t  in  his  previous  paper  (Oi,  1952) , in  the  case  of  a 
flow  ai'ound  a semi-circular  infinite  cylinder,  we  find  a distri- 
bution of  horizontal  divergence  as  shown  in  fig.  1.  As  is  evident 
from  the  lower  plctiu'e,  a vertical  air  column  in  the  lower  layer 
stretches  at  first  in  the  upstream  region  and  then  shrinks  near  the 
barrier  and  vice  versa  in  tho  downstream  region.  Thi;s  we  find 
convergence  ahead  of  divergence  upstream  and  divergence  behind 
convergence  downstream.  Therefore,  we  can  expect  an  upstream 
trough  to  be  formed  in  addition  to  tuo  uuwnowream  trough  which 
earlier  investigators  have  explained.  For  reference,  the  expres- 
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slon  for  the  horlaontal  divergence  is  reproduced  here: 

-•=  2 a*  U cos  cos  © (1-  4 sin*©)  , 

bx  r» 

where  r,  9 = polar  coordinates,  where  the  origin  is  the  same  as 
for  the  Cartesian  coordinates,  i.e.,  at  the  center  of  the  circular 
cylinder,  u = eastward  velocity  component,  x = horizontal  eastward 
Cartesian  coordinate,  a = radius  of  clrctilar  cylinder,  U = unifom 
speed  of  flow  at  infinity,  and  = the  angle  •^dilch  the  flow 

at  infinity  makes  with  the  normal  to  the  barrier.  But,  in  this 

case,  the  distribution  of  the  absolute  value  of  ^ shows  that  it 

dx 

is  much  larger  over  the  upslope  and  downslope  regions  than  up- 
stream and  downstream  from  the  barrier,  thus  minimizing  the  upstream 
trough.  Consequently,  if  this  result  holds  for  the  more  realistic 
case  of  a semi-elliptic  cylinder,  we  shall  have  to  consider  the 
customary  plctxure  of  nothing  but  horizontal  dlvsrgencs  along  the 
upslope  region  and  horizontal  convergence  along  the  downslope 
region  as  reasonable  and  valid  in  practice. 

2.  Incompressible  tuo-dlmensional  now  over  a Hfimi-eTliptic  Infinite 
cylinder  with  no  upper  boundary 

Parallel  wi.th  the  previous  case,  the  fluid  is  assumed  to  be  Incom- 
pressible and  ideal.  The  motion  is  assumed  to  be  steady  end  Irrotatlonal 
in  any  vertical  plane  pbrpendlc’Jilar  to  this  elliptic  cylinder;  and  at 
an  infinite  distance  from  the  barrier  both  vertically  and  horizontally, 
the  fluid  moves  horizontally  with  speed  U m/sec  at  an  angle  with 


the  normal  to  the  moratain  axis.  The  kinematic  boundary  condition  is 
assumed,  so  the  fluid  in  contact  with  the  elliptic  barrier  has  no  radial 
velocity  in  a vertical  cross  section. 


Fig.  1 Distribution  of  horizontal  divergence  of  an  ideal  incoiroressible 
flow  of  infinite  depth  around  a semi-circular  infinite  cylinder* 
i^per:  numerically, 

lower;  illustratedly. 

Here,  Q = ^ is  the  horizontal  divergence, 
dx 


^rlipmyiri  I JJI 
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In  thlB  case  the  velocity  has  a potential  which  is  given  as 
follows  (for  instance  see  Milne-Thoinpson,  1950): 

“TXf  = -U  cos  • (a  + b)  cosh  (1) 

a»-b*=  c’' 


a = c ooeh 
b = c sinh 

x=  c « cosh  cos 

z = c . sinh  sin  /j ^ 

Z = X + iz  = c cosh 
ThereCore,  we  can  gat  easily 

u = U cos  (a  + b)  coshf'^ 

_ 


a = half  length  of  major  axis 
b = half  leng.th  of  minor  axis 
i*=  -1 


'a  + b)  »sinhf*sinh  2£' 

^'slnhi*|'+^  sin*j^/ 


w = - U cob: 


sin  2 


ainh*|'+  sin*^' 


Here  tXjT  - complex  potential,  U = magnitude  of  the  velocity  at 
infinity,  u = horizontal  velocity  com’-'onent  norrsal  to  the  barrier, 
positive  eastward,  and,  w = vertical  velocity  component. 

If  we  take  the  partial  derivative  of  u with  x,  we  have  the 
horizontal  divergence  in  this  case: 

La  = ^ 

<Jx  dx  4x 

= 2k  sinh  ooeh^g^»  ooa*V  (tanh'5'-3  tan*<»^  ) . (4) 

c(sinh*5'+  sin*:jO  * 


k 2 U_ooE 


Front  (4)f  we  can  easily  find  that  ^ u becomes  zero  on  the  z-axls, 

dx 

l.e.,  along  the  vertical  plane  which  goes  through  the  sussalt  of 
this  barrier,  end  it  becomes  aero,  also,  along  the  oitrve  which  is 
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represented  by 

tanh*5^-  3 = 0, 

This  ciirvo,  as  shown  in  fig.  2,  is  one  branch  of  a rectangiilar  hy- 
perbola with  the  straight  linos  G = 30®  and  O = 150®  as  asymptotes 
in  the  first  and  second  qviadrants  respectively.  These  are  the  lines 
of  zero  horizontal  divergence. 

To  study  the  behavior  of  ^u.  let  ua  change  variables  from 
to  Cartesian  coordinates  x>  z. 


Here  the  plus  and  minus  signs  correspond  to  negative  and  positive 
va3.ues  of  x. 

Using  this  expression,  if  we  make  an  approDdmatlon  for  the  practi- 
cal case  where  we  can  consider  a»b  (later  we  shall  ccaapute  for  the 

case  where  a = 100b) , and  moreover,  if  we  consider  ^ far  from  the 

dx 

sianmlt  of  the  barrier  so  that  x»z,  we  get 

^ u = t U cos  a * b (6) 

<)x  * (x*-  , 

where  x»z  and  a?>b,  and  i correspond  to  the  + signs  of  x. 

From  (6),  we  know  the  horizontal  divergence  due  to  this  oro- 
graphlcal  inertial  effect  is  not  only  proportional  to  the  cross- 
sectional  area,  but  if  the  cross-sectional  area  is  the  same,  a 
lower  and  wider  btirrier  is  more  effective.  Takahashi  (1951)  sug- 
gested that  the  dimension  of  the  Eurasian  continent  is  related 
to  the  wavelength  of  the  westerlies.  His  idea  is  thus  substan- 
tiated by  this  caapntation.  And  also,  from  this  computation  v 
can  anticipate  that  in  spite  of  the  small  difference  of  height 


J 


I 


I 

\ 


. * 

1 

i 

^ I 

between  the  liortb  £»erlcen  H<x^es  and  South  American  Andes,  the  j 

Infloeoce  of  the  foraer  mountain  range  upisn  the  westerlies  should  ^ 

be  moeh  greater  than  that  of  the  latter. 

To  illustrate  the  distribaticsi  of  ^ given  in  ( 5) , let  us 
exanine  the  case  ^diere  = 0,  U = ID  ^sec,  a = 100  b,  and  b = 

5 km.  The  results  of  tsie  calcolatlon  are  shuwc  in  fig.  3.  Here 
the  Donuivergence  line  is  almost  Terticel  from  the  gromod  to  e 
haight  of  several  tices  the  beurier,  and  furthermore  the  absolute 
values  of  borlzontal  divergence  are  alaost  the  same  upstresD  and 
downstream  free  the  barrier  as  laraediately  over  the  barrier.  Thus 
we  do  have  to  take  into  consideration  horlxontal  convergence  and 
horizontal  divergence  ig>strean  ana  denrastream  fro*  the  barrier 
’f’ell  •«  ■’saadlately  over  the  upslope  and  downslope  regions 
of  the  barrier.  The  previous  result,  for  the  case  of  a semi- 
circular cylindrical  barrier,  is  a case  of  the  present 

one,  for  if,  in  expresdcn  ( 5) , we  put  a = b we  reduce  to  the 
previous  result.  As  far  as  the  qualitative  distxi.lnati3S  of  hor- 
izontal divergence  is  concerned,  there  are  no  essential  differences 
between  the  two  cases;  but  quantitlTeljr  we  find  that  we  must  take 
into  ccstsideration  upstream  end  downstream  divergence  even  at 

a moderate  distance  from  the  foot  of  the  obstacle.  ^ 

i 

Let  us  now  consider  idiat  should  be  the  effect  of  this  distzi-  { 

but! on  of  horizontal  divergence  upcm  the  bending  of  a zonal  cur-  | 

rent.;.  In  the  northern  b«gni  sphere,  ^^cloolc  rotatiosi  prevails  I 

I 

iqistraem,  but  antlcT-eloDlc  vorticl^  is  gained  eradoallj  in  the  I 

upslope  and  downslope  r^^lccs.  Cyclonic  vorticity  is  deveLoped 


iv£w  vk'WMi 
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dowssiraett.  Thereafter  tae  curreat  galas  anticjelcoic  TOrtldtjr 
and  then  mdulates  due  to  the  aerldienal  tana  of  the  Torticif^ 
equation.  l%esa  results  do  not  take  Into  accotsit  the  effect 
of  the  atcrldlcnal  convergence  ters  in  the  horizontal  divergence. 

One  further  point  sboold  t>c  saade  ahout  the  vertical  deviation 
of  flow  due  to  the  inertial  effect  of  this  seoi-elliptie  cylindri- 


cal barrier.  In  the  case  of  a seal-circular  cylindrical  berrler, 
along  the  verticrfl  through  the  sucmit  the  elevation  of  a strean- 
line  over  its  original  aedL^t  is  ^ven  (01,  1952) 


idiera  a = radius  of  circular  cylinder  (height  of  the  barrier), 
and  z = vertical  coc^iouent  of  Cartesian  ccordiaates  of  s point 
oa  the  vertical  axis,  i.e.,  height  of  this  point.  In  the  case 
of  a seni.-“lLi|jcic  cylindrical  barrier,  xhls  elevation  Is  given 
iy 

= b - b c . (7) 


If  b«a,  as  it  usually  is,  then does  not  change  much  nith 

This  is  a very  interesting  resiilt  vhich  means  that  the 
vertical  influ^ce  reaches  to  very  high  levels.  In  actual  sit- 


\2atlors  this  sooietines  seems  to  be  so,  but  at  other  tines  It  does 
net.  To  portray  the  latter  observed  case,  using  an  ineenpress- 
ibls  fluid,  ve  have  to  consider  a model  in  which  the  fLov  Is 
confined  between  two  hori?-octal  parallel  boundaries.  Actually 
these  two  planes  often  correspond  to  the  ground  surface  eM  the 
trapopause.  Let  us  consider  in  zhe  next  section  the  cases  of 
sanl-clrculaT  cylindrical  and  sagu.-elliptic  cyllrKirical  barTiers 


As  It  is  dlfflcolt  to  obtain  & solutioa  for  tbe  case  of  a 


perfect  circular  cylinder  iy  ordinary  treatz>enta,  vs  s?^al1  try  to 
find  an  approxlaate  solutdoci  tgr  sabstitutlng  sn  oval  barrier  vhich 
is  very  -<ri»n»r-  to  a circular  one.  Siq>erpo8lng  the  flow  caused 
by  infinite  series  of  doublets  along  the  x-axls,  end  the  general 
mifora  flov,  the  speed  of  vhich  is  0 a/sec  parallel  to  the  x- 
axis,  ve  get  an  approxlaate  solutian  for  this  case.  Referring  to 
any  bydrodynwrical  text  book  (i.e.,  Str«eter,  1943),  ve  can  get 
the  coiQilex  potential  for  this  case: 

eo'  = f H-iV' 

= - OZ  + C'coth  If  Z , Z = x + i*  , (8) 

d 

vhere  (/is  a constant  to  be  decided  by  toimdary  conditions  and 
d is  the  distance  between  two  adjacent  doublets.  Therafore,  If 
ve  take  h as  the  height  of  an  boacdazy,  i.e.,  d = 2h,  then 

C*  can  be  determined  easily  by  setting  the  value  of  the  streaa 
fistctlon  idiich  represents  the  lover  bcmdarr  eQUal  to  rsro^  Let 
Tis  consider  a couple  of  exaaples.  At  first  if  h is  twice  the 
height  of  terrier, 

sin  Th  a 

Y'  = _ tJi  _ C*  h = O 

cosb  #x  - cos  If  s 
h h 

Uz  (cos  '^^a  - cosh  y x)  = C^sin  “ff  z . 
h h h 
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Let  X->  0,  7-^^  t 
2 

then  U h (cos  */T  - 1)  = C^sin  , 

2 2 2 

c'=  - 2h  • 

2 

On  the  other  hand, 
z->0, 

2 

1 - cosh  JZZL  = c'  n , c'-  - JJh  1.508 

2 U h 2 jr_  ^ 

2 

^ • 2 

within  2-3%  error.  Then  nutting  c'  = - v»  can  take  both  axes 

2 

approximately  equal,  and  ve  can  consider  this  stiream  line  ^ = 0 
as  one  vhich  represents  the  ground  boxmdary  surface  in  the  case 
of  the  semi-clrciilar  cylindrical  berrier.  And  also  for  the  case 
vhare  the  height  of  the  barrier  is  l/5  of  the  height  of  upper 
boundary,  we  can  easily  find 

C'  = - Dh  . 

' 1ft 

Turning  back  to  the  main  subject,  we  get 


isinh  ^ X 

u = - ^ = U + C'  d j h 

d X dx  I cosh  ^ X - cos  JL 

I h h 


1 - cosh  7^  x.cos  z 

= 0 - h h 

h /cosh  ^ X - COB  'IT'  z^ 


Therefore,  we  get  finally 


h h 

/■cosh  7T  X - COB  JZZL  A‘^ 
\ h h / 


sinh  x/^2  - 008*77*  z - cos  z*cosh  2^  x~f  (9) 

^ u = C^T^Y  ^ h h J . 

dx  V h/  (cosh  IT  X - cos  77*  z)> 

' h h ' 


In  (9)»  Is  always  negative,  and  the  denominator  is  always 
positive.  From  (9)»  we  can  easily  find  the  distribution  or 
horizontal  divergence  for  this  case,  which  is  shown  in  fig.  4< 
Here  we  see  that  in  the  upper  layer,  above  h/2,  hoid-zontal  diver- 
gence prevails  everywhere  upstream,  and  horizontal  convergence 
prevails  eveiyvdiere  downstream.  This  result  is  independent  of 

the  height  of  the  barrier.  The  curve  of  ^ = 0 is  a curvo  which 

ax 

has  two  asymptotes  as  x approaches  + oo  , and  two  tangents  at 
X = 0,  i.e.,  the  horizontal  straight  line  through  the  origin, 
idilch  are  the  lines  ® same  case  with  no  upper 

boundary  ( 0 = 30®  and  150®) . This  curve  is  not  affected  tw 
the  height  of  the  barrier  and  is  determined  only  by  the  height 
of  the  upper  boundary.  Furthermore,  except  at  2=  h/2,  its  shape 
is  verj'  nearly  that  of  the  straight  lines;  0 = 30®  or  0 = 150®. 
Below  these  curves,  on  the  upstream  side,  horizontal  convergence 
prevails,  and  on  the  downstream  side,  horizontal  divergence  pre- 
vails. Therefore  in  the  lower  half  layer  the  distribution  of 
horizontal  divergence  is  very  similar  to  the  case  with  no  upper 
boundary. 

Next,  let  us  examine  the  differences  which  exist  between  the 
cases  with  no  upper  boundary  and  with  an  upper  boiuidary  for  the 
s^e  geuuetrical  point. 

As  can  be  seen  in  table  1,  in  the  convergence  domain  of  the 
lower  layer  on  the  upstream  side  at  points  far  from  the  foot 
of  the  barrier,  the  value  of  the  horlzonteLL  divergence  is  rather 
scalier  and,  on  the  other  hand,  at  points  near  the  foot  of  the 
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Table  1 


Ccaaparison  of  values  of  horizontal  divergence  in  the  case  witb 
no  upper  boundary  and  in  the  case  with  an  upper  boundary  irtiose 
height  is  twice  as  large  as  the  radius  of  the  senii-clrcular 
binder • 


Position 

of 

points 

Case 

No 

upper  boundary 

Upper 
boundary 
at  z = h 

X 

z 

ij 

(sec--*-) 

(sec-1) 

-Ih 

4 

k 

4 

- 0.20 

- 0.14 

- h 

h 

4 

- 0.34 

- 0.30 

- 7 h 
8 

h 

4 

- 0,445 

- 0.36 

1 

h 

4 

- 0.51 

- 0.51 

-2i, 

4 

h 

4 

- 0.58 

- 0.59 

-ih 

4 

- 0.51 

-31.5 

- Q 

k 

2 

- 0.02 

+ 0.08 

I 

h 

2 

+ 1.00 

+ 1.44 

- h 

-2h 

4 

+ 0.09 

+ 0.30 

h 

2 

+ 0.12 

+ 1.12 

1 
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barrier,  it  is  much  larger  than  in  the  case  of  no  upper  bovindaiy. 
This  is  especially  notable  when  the  height  of  the  barrier  is  rather 
large  compeured  with  the  hei^t  of  the  upper  boundary  (in  this  case, 
h/2) , and  less  notable  if  the  height  of  barrier  is  rather  small 
compared,  with  the  height  of  the  upper  boruidary  (say  l/5h).  In 
the  divergence  domain  of  the  upper  layer,  the  magnitude  of  hori- 
zontal divergence  behaves  similarly  but  not  so  strongly  as  in 
the  convergence  domain.  The  downstream  results  may  be  obtained  in 
a similar  fashion. 

4.  Case  of  flow  over  seni-elliptic  Infinite  cylindrical  barrier 
with  horizontal  rigid  upper  boundary 

If  the  sfgni-elrcular  cylinder  is  a perfect  one  and  has  no 
upper  boundary,  we  can  theoretically  apply  the  so-called  Joukovskl 
transformation  to  velocity  potential.  This  transformation  wl.U 
deform  the  semi-circtilar  cylinder  in  the  vertical  plane  to  a semi- 
sfllptic  cylinder.  However,  in  the  previous  treatment,  the  barrier 
is  not  exactly  a circular  cylinder  and,  moreover,  we  have  an  upper 
boundary.  Therefore  we  can  not  apply  this  transformation.  Thus, 

- the  author  has  adopted  a new  method  to  get  the  velocity  potential 
for  this  case.  He  considered  infinite  series  of  equally  spaced 
sources  and  sinks  cf  equal  strength,  distributed  along  two  straight 
lines  pared-lel  to  the  z-axis,  and  si^jerposed  two  velocity  potenti.als 
for  this  set  of  infinite  series  and  for  uniform  flow  parallel  to 
the  x-axLs. 

The  complex  potential  for  a flow  caused  by  an  infinite  series 
of  sources  of  strength  2flC  «t  equal  distances  d(=  2h,  h is  the 
height  of  the  upper  boundary),  as  given  by  Streeter  (1949),  is 


I 


€3'  = - C In  sinh  ^^  , (1C 

\rtiere  Z = x + iz.  Therefore,  we  get  In  a similar  fashion  the 
complex  pc'tential  for  such  an  Infinite  series  of  sources  along 
an  axis  parallel  to  the  z-axls  at  x = - a 

GJ)  = -C  In  sinh  7T  (2  + a)  , (11 


where  d = 2h.  And  likewise,  for  the  complex  potential  for  an 
infinite  series  of  sinks  of  equal  strength  - 27TC  with  an  equal 
spacing,  d,  along  an  axis  parallel  to  the  z axis  at  x = a,  we  get 


■Q3^  = G In  sinh  IT  (Z  - a)  , 

d 


(12) 


where  d = 2h. 

The  complex  potential  for  a uniform  flow  with  U m/sec  toward 
the  positive  x direction  is  given  by 

(sr,  = - nz  . (13) 

Therefore,  the  complex  potential  for  our  pxirpose  can  be  found  by 
adding  (U),  (12)  and  (13).  If  ve  denote  this  by  •£Cj^  , then 

[sinh  tT(Z  a)  1 

= - UZ  -C  In/ h I (14) 


l^sinh  7T( 


= <l>  + If  . 

Here,  a is  approximately  equal  to  the  focal  distance  of  this  ellipse. 
If  the  ratio  of  the  two  a^ces  is  100,  a.  is  equal  to  the  focal  dls- 
tanee  within  a 1/6  error.  From  (14)  we  can  easily  get. 


si2ih  (x  + a)  - cos  z ” 

<ff  = - Ox  - C,  In h h , 

2 cosh  2^  (x  - a)  - cos  JT  z 
h h „ 


= - uz 


r tan  IT  z tan  fTz  "| 

- c/-27T  + tan”^  2h  -tan"^  ?h  , I.  (16) 

I ‘^'_<owV  7T  ( X •<•  a ) tanhTTfx  - a)  I 

•-  2h  2h  J 


Thus,  we  get 

. |coBh'2|a  - cosh ITx. COB tTz 

u = - w = U + ^ Binh  7Ta/  h h h 

Jx  h hj^coBhTTfx  + a)  -coa  TT zj^oah IT  ^-a) -eoeW^^ 


, j2  co8h^i.co8h2s/coah^j4^cosir22^sl*^Is)co8V^"j 

= ~C/  TT  |3inhir<^.3ln  Vxl h hi  h h hf  h i 

^ h/  h h[/cQSh  ‘Tr(xfa)  - cos  Trz cosh  ooBiJ^j-  i 

[{  h h/  V h h r I 

From  (17),  we  see  that  again  ^ = 0 along  the  z axis,  and  the 

<)x 

curves  of  ^ = 0 also  have  as  asymptotes  the  horizontal  line, 
dx 

z = h/2,  aid  the  curves  of  ^ = 0 pass  through  the  points  x = 

± a. 

Let  us  now  consider  the  values  of  C and  a.  For  the  case  of 
a = 100b,  b = h/2  ws  get,  for  the  stream  function. 


r tan  yr  z 

_ uz  - c/-2tr+  tan"^  2 h 

I tanh  fix  + 

L 2 h 


tan  JT  z 
- tan  2 h 

tanh  2 3C  - a 
2 h 


On  the  stream  line  V'  = 0,  at  x = 0,  z = h/2, 

l~  . tan  2 tan  ~1 

. W=-C  -2lT  + tan"-^  4 - tan'  4 I , 

* * 2 / tanh  7y  a tanh^-'fra  ^ / 

5L  = A / 7T  — tan~^  1 ^"1 

C hi'  tan  a I 

L 2h  J 


At  the  stagnation  point 

sinh  IT  a 

dCr=  -0  + CTT  h 

dZ  h cosh  ^ z - roahV'a. 

h h 


iMi  NK1..IM  kw*scir 


l.e.. 


at  z = 0,  X = + a,  Z = + a. 


dW'=  0 . 

dZ 


Blnh  ^ 

. ii  = n h 

* * C h cosh  ft  50h^  - cosh  *ga 


tanh  7T  a 

2h 


Frcxtt  (18)  and  (19) 

alnlilTs  j-  ^ 

^ h = A + tan~^  1 _ / . 

h cosh  50|r  - cosh  h/  tanh  7T  a | 

h L 2h  J 

sinh  tr  a 

^ tan  h = 1 

h cosh  50tr  - cosh  tanh  ^ 

h 2h 

Solving  this  nmerically,  we  get  a 7 49*75  h and  C = Uh.  For 
different  values  of  b,  say  b = l/5h,  a does  not  change  nuch. 

These  results  are  shown  in  fig,  5 for  the  case  of  b ” 1V^2. 

As  we  saw  In  sections  3 and  4,  in  the  case  of  flow  with  an 
upper  boundary,  horizontal  divergence  prevailB  everywhere  upstream 
and  horizontal  convergence  everywhere  downstream  above  h/2,  inde- 
pendent of  the  height  of  the  barrier.  On  the  other  hard,  in  the 
lower  half  layer,  as  in  the  cases  without  an  upper  boxmdaiy,  a 
horizontal  convergence  domain  precedes  the  horizontal  divergence 
domain  both  upstream  and  downstream.  Therefore,  from  this  result 
we  can  conclude  there  should  be  a nondivergence  level  in  the  at- 
mosphere when  the  tropopause  is  strorig  enough  to  suppress  the 


vertical  motion.  This  level  of  nondivergence  shovild  be  at  about 

/•A  xX 

the  half-effective  height  (J  ^ A €•  gdz  = J ^ dz;  i.e.. 


SOOmb) . Upstream,  above  this  nondivergence  level  ther  exists 
horizontal  divergence,  with  convergence  belowj  while  downstream, 
above  this  level  there  exists  horizontal  convergence,  with  diver- 


■^"  \ ‘ ■*»' 


gence  below.  A distribution  of  this  sort  was  analyzed  recently 

by  H.  Landers  in  his  work  downstream  of  the  North  American  Rockies 

(unpublished) . To  aid  Interpretatlcxiy  the  coordinates  of  IG  points 

on  this  curve  of  nondivergence  are  tabulated  ir:  table  2. 

As  it  is  evident  from  this  table,  the  curve  J[u  = 0 Is  almost 

ix 

vertical  from  the  ground  to  nearly  the  hedght  h/2  anti  then  turns 
to  the  left  and  right,  t^stream  and  downstream,  asymptotically 
to  z = h/2.  Hence,  this  nondivergence  level  can  be  considered 
almoat  horizontal  upstream  and  downstream  from  the  barrier,  and 
almost  vertical  near  the  foot  of  the  barrier. 

Table  2 

Coordinates  of  10  points  on  the  curve  ^u  = 0 for  the  case 
of  an  upper  boxmdary,  as  multiples  of  h. 


lea 

20  2C  2 


X +49.83  +49.83  +49.92  +49.98  +50.04  +50.12  +50.22  +50.36  +50.65  i ©o 

Here,  the  minor  axis  ^b)  = h/2,  and  major  axis^a^  = 50h. 

This  characteristic  of  zonal  flow  with  an  upper  boundary 
can  be  seen  In  certain  isentropic  analyses  in  vertical  cross- 
sections  of  act\ial  zonal  flows.  For  instance,  the  analyses  ty 
Hess  and  Vagner  (1948)  of  waves  over  the  northwestern  United 
States,  near  the  tropopaiise  and  also  from  17,000  to  20,000  ft, 
showed  neutral  layers  In  \dilch  the  flow  was  nearly  horizontal. 

In  their  cross-sections  (fig.  6),  we  can  cleerly  see  that  not 
only  the  tropopsuse  but  also  the  layer  from  above  17,000  to  20,000 
ft  remain  neeirly  undlstiu'bed,  descending  motion  ocourlng  In  the 
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Fig.  7 Westerly  flow  crossing  e pole- to-equa tor  obstacle  whose  thickness  Is 
half  of  the  depth  of  fluid  shell. 

The  ratio  of  the  relative  angular  velocity  of  thev<.'  t w:  ni  to  the  absolute  anj^fLai’ 
velocity  of  the  west  vdnd  is  U.13. 
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lee  beneath  the  nodal  surface  and  ascending  motion  between  this 
sv.rface  and  the  tropopause.  There  is  a double  structure  of  flow 
under  the  tropopause  ^dilch  coincides  vlth  the  distribution  of 
horizontal  divergence  in  fig.  4« 

In  addition.  Long  and  Fultz  (Long  1952)  carried  out  exper- 
iments \d.th  a rotating  spherical  fltild  shell  designed  to  produce 
orographical  perturbations  of  a zonal  current.  In  this  experiment 
they  have  produseid  such  a floy  vd.th  an  upper  boundary  crossing 
a barrier  90°  of  latitude  long  and  about  10°  longitude  vide  (fig. 

7). 

In  this  case  (fig.  7),  we  can  see  not  only  the  downstream 
trough  and  its  train  of  undulations  but  also  the  upstream  trough 
and  in  higher  latitudes  even  closed  perturbations.  There  is 
also  same  indication  near  the  upstream  trough  of  two  kinds  of 
trajectories  at  the  same  place.  The  main  Indication  is  the 
cyclonic  curvature  of  the  trough,  but  there  are  also  signs  of 
antlcyclonic  motions  which  are  presumably  at  a higher  elevation. 

5.  F\irther  svcontic  interpretations 

There  is  a great  deal  of  synoptic  evidence  which  suggests 
the  existence  of  horizontal  convergence  upstream  from  mountain 
chains. 

Thus,  the  moan  monthly  700  mb  charts  published  in  the  Monthly 
Weather  Review  often  show  cyclonic  curvature  west  of  the  Rocky 
Mountains.  Similar  phenomena  are  to  be  seen  upstream  of  the 
coastal  ranges  of  Exirope  and  i^streoa  of  the  Central  Aslan  and 
Siberian  mountain  ranges  (fig.  8) . 

Such  upstream  troughs  can  be  seen  also  in  ocean  currents. 
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Fig.  9 Trcr.i-iport  linei’.  arotj-^d  the  Antarctic  Continent.  Between  two 
lines,  the  transport  relative  to  the  3000-aecitar  surface  is  alout  20 
nd-llior.  cubic  neters  per  second. 


-27- 


for  example,  in  the  mean,  oceanic  transport  lines  of  the  southern 
hemisphere  (fig.  9).  see  near  the  sutnarine  ridge  in  the 
South  Atlantic  Ocean  (shaded  part)  that  the  current  turns  to 
the  rij^t  on  the  upstream  aide,  due  to  the  horizontal  convergence j 
although  it  should  turn  to  the  left  according  to  the  former  cus- 
tomary explanation.  Ue  can  see  the  same  feature  upstream  of  the 
suliiiarine  ridge  in  the  South  Indian  Ocean.  Thus,  experimentally 
and  synoptically,  the  actual  features  of  a zonal  current  upstream 
frem  an  orographical  barrier  seem  to  sunport  tlie  ^heo^y  presented 
here. 

As  is  self  evident,  this  interpretation  can  be  applied  to 
the  case  of  an  aero- topographical  beurrler,  such  as  a cold  air 
dome  or  cold  air  mass  against  a warm  air  mass  along  a frontal 
zone,  or  even  two  air  masses  of  similar  characteristics  encoun- 
tering each  other  from  different  directions.  This  last  case  can 
be  seen  along  the  so-called  eqxiatorlal  front.  Therefore,  through 
this  approach,  we  can  interpret,  in  a somewhat  different  way 
from  the  us’ial  one,  the  so-called  wave  theory  of  cyclones,  as 
well  as  the  formation  of  tropical  cyclones  in  easterly  zonal 
currents.  Here,  as  an  example  of  the  effect  of  aero-topographi- 
cal barriers,  the  work  of  Elliot  (1951)  is  shown  in  fig.  10. 

In  this  figure,  we  notice  that  the  upstream  trough,  on  the 
west  side  of  the  cold  air  outbreak,  changes  its  position  corre- 
sponding to  the  change  of  the  position  of  the  cold  air  outbreak. 

Many  meteorological  dynamical  or  synoptic  phenomena  can  be 
interpreted  in  this  way:  however,  the  author  will  discuss  these 
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problems  In  later  papers. 
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